Rules for integrands involving zeta functions

1. jZeta[s, a+bx]dx

1: JZeta[Z, a+bx] dx

Derivation: Algebraic simplification
Basis: {(2, 2) = yM)(2)
Rule:

JZeta[Z, a+bx]dx — jPolyGamma[l, a+bx] dx

Program code:

Int[Zeta[2,a_.+b_.*x_],x_Symbol] :=
Int [PolyGamma[1l,a+bxx],x] /;
FreeQ[{a,b},x]
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2: JZeta[s, a+bx]dx whens#1 A s#2

Derivation: Primitive rule
Basis: 244 = —s {(s +1,2)

Rule:lf s +1 A s # 2,then

Program code:

Int[Zeta[s_,a_.+b_.*x_],x_Symbol] :=
-Zeta[s-1,a+bxx]/ (bx (s-1)) /;
FreeQ[{a,b,s},x] &% NeQ[s,1] && NeQ[s,2]

JZeta[s, a+bx]dx — -

Zeta[s -1, a+bx]

b (s-1)
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2. f(c+dx)'“2eta[s, a+bx]dx

1: J(c+dx)"‘Zeta[2, a+bx]dx whenmeQ

Derivation: Algebraic simplification
Basis: (2, 2) = yY(2)
Rule: If m € 0, then

J(c+dx)'“2eta[2, a+bx]dx — J(c+dx)'"PolyGamma[1, a+bx]dx

Program code:

Int[(c_.+d_.*x_)"m_.xZeta[2,a_.+b_.*x_],x_Symbol] :=
Int[ (c+d*x) “mxPolyGamma[1,a+bxx],x] /;
FreeQ[{a,b,c,d},x] && RationalQ[m]
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2. J(c+dx)'"Zeta[s, a+bx]dx whens#1 A s#2

1: J(c+dx)"‘2eta[s, a+bx]dx whens#1 As#2 Am>0

Derivation: Integration by parts

Rule:lf s +1 A s #2 A m>0,then

(c+dx)"Zeta[s -1, a+bx] dm
+
b (s-1) b(s-1)

f(c+dx)’"Zeta[s, a+bx]dx — - j(c+dx)m‘12eta[s—1, a+bx]dx

Program code:

Int[(c_.+d_.*x_)"m_.xZeta[s_,a_.+b_.*x_],x_Symbol] :=

- (c+d*x) *mxZeta[s-1,a+bxx]/ (bx (s-1)) +

dxm/ (b* (s-1) ) *Int[ (c+dxx)~ (m-1) xZeta[s-1,a+bxx],x] /;
FreeQ[{a,b,c,d,s},x] && NeQ[s,1] && NeQ[s,2] && GtQ[m,Q]

2: J(c+dx)’"2eta[s, a+bx]dx whens#1 As#2 Am<-1

Derivation: Inverted integration by parts

Rule:lf s +1 A s+#2 A m< -1, then

(c +dx)™?! zeta[s, a+bx] bs

d (m+1) +d(m+1)

J(c+dx)’“2eta[s, a+bx]dx — J(c+dx)“"'12eta[s+1, a+bx]dx

Program code:

Int[(c_.+d_.*x_)"m_.xZeta[s_,a_.+b_.xx_],x_Symbol] :=
(c+dxx)~(m+1) xZeta[s,a+bxx]/ (dx (m+1)) +
bxs/ (dx (m+1) ) *Int [ (c+d*x) "~ (m+1) xZeta[s+1,a+bxx],x] /;
FreeQ[{a,b,c,d,s},x] && NeQ[s,1] && NeQ[s,2] & LtQ[m,-1]
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